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ABSTRACT: Molecular dynamics (MD) simulations based on the generalized Born (GB) model of implicit solvation oﬀer a
number of important advantages over the traditional explicit solvent based simulations. Yet, in MD simulations, the GB model has
not been able to reach its full potential partly due to its computational cost, which scales as ∼n2, where n is the number of solute
atoms. We present here an ∼n log n approximation for the generalized Born (GB) implicit solvent model. The approximation is
based on the hierarchical charge partitioning (HCP) method (Anandakrishnan and Onufriev J. Comput. Chem. 2010, 31, 691-706)
previously developed and tested for electrostatic computations in gas-phase and distant dependent dielectric models. The HCP uses
the natural organization of biomolecular structures to partition the structures into multiple hierarchical levels of components. The
charge distribution for each of these components is approximated by a much smaller number of charges. The approximate charges
are then used for computing electrostatic interactions with distant components, while the full set of atomic charges are used for
nearby components. To apply the HCP concept to the GB model, we deﬁne the equivalent of the eﬀective Born radius for
components. The component eﬀective Born radius is then used in GB computations for points that are distant from the component.
This HCP approximation for GB (HCP-GB) is implemented in the open source MD software, NAB in AmberTools, and tested
on a set of representative biomolecular structures ranging in size from 632 atoms to ∼3 million atoms. For this set of test structures,
the HCP-GB method is 1.1-390 times faster than the GB computation without additional approximations (the reference GB
computation), depending on the size of the structure. Similar to the spherical cutoﬀ method with GB (cutoﬀ-GB), which also scales
as ∼n log n, the HCP-GB is relatively simple. However, for the structures considered here, we show that the HCP-GB method is
more accurate than the cutoﬀ-GB method as measured by relative RMS error in electrostatic force compared to the reference (no
cutoﬀ) GB computation. MD simulations of four biomolecular structures on 50 ns time scales show that the backbone RMS
deviation for the HCP-GB method is in reasonable agreement with the reference GB simulation. A critical diﬀerence between the
cutoﬀ-GB and HCP-GB methods is that the cutoﬀ-GB method completely ignores interactions due to atoms beyond the cutoﬀ
distance, whereas the HCP-GB method uses an approximation for interactions due to distant atoms. Our testing suggests that
completely ignoring distant interactions, as the cutoﬀ-GB does, can lead to qualitatively incorrect results. In general, we found that
the HCP-GB method reproduces key characteristics of dynamics, such as residue ﬂuctuation, χ1/χ2 ﬂips, and DNA ﬂexibility, more
accurately than the cutoﬀ-GB method. As a practical demonstration, the HCP-GB simulation of a 348 000 atom chromatin ﬁber was
used to reﬁne the starting structure. Our ﬁndings suggest that the HCP-GB method is preferable to the cutoﬀ-GB method for
molecular dynamics based on pairwise implicit solvent GB models.

1. INTRODUCTION
Atomistic molecular dynamics (MD) simulations can be used to
study biomolecules where experimental investigation is expensive
or infeasible.1-6 However, the duration and system size for such
simulations are limited by the computational cost of long-range
electrostatic interactions, which, without further approximations,
scales as ∼N2 where N is the total number of atoms.7-10 We do not
consider coarse-grained approximations here, which are in general
less accurate than atomic-level approximations.11
Historically, the ﬁrst approximation widely used in the context
of molecular dynamics (MD) to speedup the computation of
long-range interactions was the spherical cutoﬀ method. The
simple spherical cutoﬀ method treats atoms within a cutoﬀ
distance exactly while ignoring all other atoms.12,13 The spherical
cutoﬀ method can however produce many artifacts such as
spurious forces or artiﬁcial structures around the cutoff
distance.14-16 The particle mesh Ewald (PME) method was
developed to address the shortcomings of the spherical cutoﬀ
method and has become the de facto “industry standard” for
r 2011 American Chemical Society

explicit solvent MD. The PME imposes an artiﬁcial periodic
boundary condition where a central cell containing the molecule
of interest is assumed to be surrounded by an inﬁnite array of
images of the central cell. With this assumption, the long-range
interaction, which decays slowly with distance, can be represented as the sum of two fast converging series;one in real space
and the other in Fourier space.17-20 Another explicit solvent
method, the fast multipole method,21-23 was tested for biomolecular simulations but has not been widely adopted, most likely
due to its algorithmic complexity and instabilities caused by
discontinuities inherent in the method.24 In general, all three of
these methods scale as ∼N log N, where N is the total number of
atoms in the system including the solvent atoms.
Realistic simulations require that the biomolecular structure
be immersed in a solvent, typically water with ions. Implicit solvent models, such as the generalized Born (GB) approximation,
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Figure 1. Example of the natural hierarchical partitioning of a chromatin ﬁber. (a) The ﬁber is made up of 100 nucleosome complexes. The individual
nucleotide groups in the ﬁber are represented as red beads and amino acid groups as gray beads. (b) Each complex (level 3) is made up of 13 subunits
with the segments of DNA linking nucleosome complexes being treated as separate subunits. A complex is shown here with each subunit represented in a
diﬀerent color. (c) Each subunit (level 2) is made up of 49-142 groups. The linker histone subunit is shown here with the groups colored by the type of
amino acid. (d) Each group (level 1) is made up of 7-32 atoms (level 0). A histidine amino acid group is shown here with atoms represented as small
spheres and covalent bonds between the atoms represented as links. The atoms are colored by the type of atom. The total ﬁber consists of approximately
3 million atoms. The ﬁber was constructed as described in Wong et al.59 The images were rendered using VMD.60 For clarity, only 10 of the 13 subunits
are shown in a and b.

We present here an ∼n log n GB approximation that retains
the simplicity of the cutoﬀ-GB approximation, while in most
cases being more accurate for the set of test structures considered
here. Moreover, our testing demonstrates that the method
presented here more accurately reproduces important characteristics of dynamics compared to the cutoﬀ-GB method. Our
approach is based on the hierarchical charge partitioning
(HCP) approximation developed by us previously.58 To approximate long-range electrostatic interactions, the HCP uses the
natural organization of biomolecules into multiple hierarchical
levels of components, as illustrated in Figure 1;atoms (level 0);
nucleic and amino acid groups (level 1); protein, DNA, and RNA
subunits (level 2); complexes of multiple subunits (level 3); and
higher level structures such as ﬁbres and membranes. The charge
distribution for components above the atomic level are approximated by a much smaller number of charges. For components
that are distant from the point of interest, these approximate
charges are used in the computation of electrostatic interaction,
while the atomic charges (level 0) are used for nearby components (Figure 2). The greater the distance from the point of
interest, the larger (higher level) is the component used in the
approximation of electrostatic interactions. In our previous
study, we have shown that this approximation scales as ∼n log
n for biomolecular structures. The HCP concept is used here to
reduce the computational cost of each of the three ∼n2 computations in the GB model;the computation of electrostatic vacuum
energy, solvation energy, and the so-called eﬀective Born radii;
to ∼n log n.
The remainder of the paper is organized as follows. In the
Methods section, we brieﬂy review the GB implicit solvent model
and describe how the HCP concept is applied to the implicit
solvent GB model (HCP-GB). The HCP-GB method was tested
using a set of representative biomolecular structures ranging in

analytically represent the solvent as a continuum.25-50 An
important beneﬁt of implicit solvent simulations is that conformational space is sampled faster due to the reduction of
solvent viscosity.51,52 Other beneﬁts include instantaneous dielectric response from the solvent due to changes in solute charge
state, and the elimination of “noise” in the energy landscape due
to small variations in solvent structure.53 Consequently, implicit
solvent models are often used for applications where it is
important to explore a large number of conformational states,
such as for protein folding,54 replica exchange,55 and docking
simulations.56 However, the functional form for the most widely
used practical implicit solvent model for MD, the GB model,
scales as ∼n2, where n represents the number of solute atoms
only. (n < N where N refers to the total number of atoms,
including solute and solvent atoms, used for explicit solvent
computations, while n refers to the number of solute atoms only,
used in the implicit solvent computations.) One approach for
reducing computational cost is to apply the spherical cutoﬀ
concept to the GB implicit solvent model, i.e., ignore interactions
and computations involving atoms beyond a cutoﬀ distance. We
refer to this approach as the cutoﬀ-GB method. Such an approach
can reduce computational cost to ∼n log n. However, the cutoﬀGB may suﬀer from the same shortcomings as the spherical cutoﬀ
method, such as spurious forces and artiﬁcial structures around
the cutoﬀ distance. Although there are studies based on the
successful use of the cutoﬀ-GB method,34,57 we are not aware of a
large scale systematic study that examines the eﬀect of the cutoﬀ
on the accuracy of the GB model. To the best of our knowledge,
the GB model has not been used with the PME or the fast
multipole methods, most likely because the functional form of
the GB model does not easily lend itself to the Ewald transformation used by the PME method or the multipole expansion used
by the fast multipole method.
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that implements the GB implicit solvent model, such as Amber,62
analytical pairwise approximations for computing the effective
Born radii Bi in eq 4 also scale as ∼n2, unless further approximations are made. The HCP concept is used to reduce the
computational cost for each of these computations to ∼n log
n, as described below.
2.2.1. n log n Approximation for Electrostatic Vacuum
Energy. The previous HCP study58 describes in detail the ∼n
log n approximation for computing electrostatic vacuum energy
Evac. The key concepts from the study are summarized here.
Biomolecular structures are naturally organized into multiple
hierarchical levels as illustrated in Figure 1 for a chromatin fiber.
Atoms are at the lowest level (level 0); groups of atoms form
amino and nucleic acids (level 1); protein, DNA, and RNA chains
made up of these groups form subunits (level 2); multiple
subunits form complexes (level 3); and multiple complexes join
together to form larger structures such as fibers and membranes.
The HCP approximates atomic charges within each of the
components above level 0, by a much smaller number of charges
(1 or 2). For the one-charge approximation for a component, the
approximate charge is placed at the “center of charge” for the
component with a charge value equal to the net charge of the
component. For the two-charge approximation, the two approximate charges are placed at the “center of charge” of the positive and
negative charges with charge values equal to the total positive and
negative charges, respectively. The center of charge is calculated in a
manner similar to the center of mass when the total charge is
nonzero.58 When the total charge is zero, the component does not
contribute to the approximate computation and is ignored.
The HCP then uses these approximate charges for computing
electrostatic interactions beyond predeﬁned threshold distances
(Figure 2). For example, consider a structure consisting of four
levels, 0-3, see Figure 3. A separate threshold distance, h1, h2, and
h3, is deﬁned for levels 1, 2, and 3, respectively. For complexes (level
3) farther than h3 from the point of interest, the approximate
charges for the complex are used in the computation. Otherwise, for
subunits (level 2) within the complex that are farther than h2, the
approximate charges for the subunit are used in the computation.
Otherwise, for groups (level 1) within the subunit that are farther
than h1, the approximate charges for the group are used in the
computation. Finally, individual atomic charges are used in the
computations for charges within the level 1 threshold distance h1.
This top-down algorithm results in ∼n log n scaling based on
assumptions generally consistent with realistic biomolecular systems. Consider a hypothetical structure consisting of n atoms such
that, for any given atom, there are k atoms (level 0) within the level
1 threshold distance h1, k groups (level 1) between h1 and the level
2 threshold distance h2, k subunits (level 2) between h2 and the
level 3 threshold distance h3, and so on. Such a structure can be
represented as a hierarchical tree with each internal node representing a component with k nodes immediately below each internal
node, and with a total of n leaf nodes representing the atoms. The
computational cost of the HCP algorithm for such a structure scales
as ∼n log n. For a more detailed description, refer to the previous
HCP study.58 This previous study also showed that for the
computation of electrostatic vacuum energy, Evac, in eq 2, the
relatively simple HCP approximation can be comparable in
accuracy to the more complex particle mesh Ewald (PME) method
and more accurate than the simple spherical cutoﬀ method.
2.2.2. n log n Approximation for Solvation Energy. To
reduce the computational cost of solvation energy, Esolv, in
eq 3 from ∼n2 to ∼n log n, we first define a component effective

Figure 2. The HCP threshold distance. For the ﬁrst level of approximation shown here, groups within the threshold distance from the point of
interest are treated exactly using atomic charges (level 0), while groups
beyond the threshold distance are approximated by a small number of
charges (level 1). The distance to a group is computed from the point of
interest to the geometric center of the group.

size from 632 atoms to 3 016 000 atoms with absolute total charge
ranging from 1 to 21 424 e. The accuracy, speedup, dynamics, and
conservation of momentum and energy are discussed in the Results
section. In the Conclusion section, we summarize our ﬁnding and
discuss the applicability of HCP-GB to practical MD problems.

2. METHODS
A short description of the GB implicit solvent model is
included below, followed by a detailed description of how the
HCP approximation is used to reduce the computational cost of
the GB model from ∼n2 to ∼n log n. Also included in this section
is a description of the structures and protocols used for testing
the HCP-GB method.
2.1. Generalized Born (GB) Implicit Solvent Model. The
electrostatic energy of a system, Eelec, in the presence of a solvent
can be approximated by the GB implicit solvent model61 as
Eelec ¼ Evac þ Esolv
Evac ¼

n X
n
X
qi qj
i

E

solv

j>i

rij

ð1Þ
ð2Þ


 n X
n
qi qj
1
1 X
 - 1ð3Þ
ð - rij2 =4Bi Bj Þ 1=2
2
2
εw

i
j ½rij þBi Bj e

where Evac and Esolv are the electrostatic vacuum and solvation
energy, εw is the dielectric constant of the solvent, qi and qj are the
charges of atoms i and j, rij is the distance between the atoms, and Bi
and Bj are their effective Born radii. For the purpose of this work, we
consider the following Coulomb field approximation for the
effective Born radius, Bi, as implemented in NAB (or Amber):62
Z solute
1
1
1
1
 dV
ð4Þ
Bi Ri 4π jrik j > Ri jrik j4
where Ri is the intrinsic radius of chargeR i, rik is the distance from i to
any point k in the solute volume, and |rik|>Risolute dV is the volume
integral over the volume occupied by the solute (the cavity formed
in the solvent by the solute) excluding the volume of the atom i itself.
2.2. HCP-GB;An n log n GB Approximation. Note that the
computation of electrostatic vacuum energy Evac in eq 2 and
solvation energy Esolv in eq 3 both scale as ∼n2. In MD software
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Figure 3. Illustration of the HCP approximation. Biomolecular structures are naturally organized into multiple hierarchical levels of components;
complexes, subunits, groups, and atoms;as represented by the tree structure shown here. Approximations are used for computations involving distant
components, while exact atomic computations are used for atoms within nearby groups. The HCP algorithm proceeds from the top level down to the
lowest level to determine the level of approximation to use. The level of approximation used is determined by the distance of a component from the point
of interest compared to the threshold distance for the level of the component;h1, h2, and h3 for levels 1, 2, and 3, respectively.

Born radius, Bc, for components above the atomic level. The
component effective Born radii, Bc, are then used to approximate
the contribution of distant components to the solvation energy of
atom i instead of the effective Born radii, Bj, of the individual
atoms within these distant components.
To derive a simple functional form for the component eﬀective
Born radius, Bc, we consider the limit of rij, ricf0, where rij is the
distance from atom i to atom j ∈ c and ric is the distance from
atom i to component c. Let Esolv
ic represent the contribution of
component c to the solvation energy of atom i.


qi qj
1
1 X
solv
Eic ¼ - 1 ð5Þ
2
εw j ∈ c ½rij2 þBi Bj eð - rij2 =4Bi Bj Þ 1=2
 -



1
1 X qi qj
12
εw j ∈ c ½Bi Bj 1=2

Also, Esolv
ic ¼ -

 -

ðrij f 0Þ



1
1
qi qc
12
εw ½ric2 þ Bi Bc eð - ric2 =4Bi Bc Þ 1=2



1
1
qi qc
12
εw ½Bi Bc 1=2

ðric f 0Þ

2
32
1 4 1 X qj 5
w 
Bc
qc j ∈ c B1=2
j

For the one-charge HCP approximation, qc is the net charge of
the component, and the sum in the above equations is over all the
atoms in the component. For the two-charge approximation, two
separate component eﬀective Born radii are computed, one for
each of the two approximate charges, i.e., one for the positively
charged atoms and another for the negatively charged atoms. In
this case, qc represents the total positive or negative charge and
the sum is over the positively or negatively charged atoms,
respectively.
In this work, we also considered two alternatives to eq 9 for
component eﬀective Born radii. One approximation, by Archontis and Simonson39 developed in the context of a coarse grain
model, deﬁnes the equivalent of the component eﬀective Born
radius as the harmonic average of its constituent atomic Born
radii weighted by the square of atomic charges. The resulting
expression is similar to eq 9 except that the constituent atomic
Born radii are weighted by atomic charges. Another approach is
to use the analytical approximation for eﬀective Born radii
deﬁned by eq 10 described below, with i representing a component c instead of an atom, and j 6¼ i replaced by j ˇ c. We
examined these alternatives (results included in Appendix A.1)
and found that on average the approach described above by eq 9
is more accurate, although in some speciﬁc instances, one of the
other alternatives can be more accurate. We have therefore
chosen to base all further analysis on eq 9 but note that future
work may lead to better approximations.
2.2.3. n log n Approximation for Effective Born Radii Bi. To
compute the integral in eq 4, the Coulomb field approximation
for effective Born radii Bi, we will consider here one commonly

ð6Þ

ð7Þ

ð8Þ

ð9Þ
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used approximation to eq 4. However, the main idea can be
applied to any volume based approximation for computing
effective Born radii. In the specific approximation considered
here, the integral in eq 4 is computed over the volume occupied
by individual atoms, ignoring overlaps between atoms and spaces
between atoms that are inaccessible to the solvent.44 For the case
where the atoms i and j do not overlap, this analytical approximation computes the effective Born radius Bi as
"
#
Rj
rij þ Rj
1
1 X
1
 log
ð10Þ
B i Ri
2½rij2 - Rj2  4rij
rij - Rj
j 6¼ i

Fisolv ¼

X Rj3
j∈c

ric4

ðrij f ric Þ

1
R3
¼ C 4c
Bic
ric
X
w Rc3 
Rj3

Also,

¼ "

ð18Þ



qi qj
1
1
1
4
εw ½rij2 þ Bi Bj e - rij2 =4Bi Bj 3=2

rij2
2
2
1
2rij - rij e- rij =4Bi Bj þ e - rij =4Bi Bj 1 þ
2
4Bi Bj

!
Bj

∂Bj
∂Bi
þ Bi
∂rij
∂rij

ð19Þ
!#

ð20Þ

ð21Þ
where φsolv
is the solvation potential contribution of atom j at
ij
is the corresponding force contribution, εw is the
atom i, Fsolv
ij
dielectric constant of the solvent, rij is the distance between
atoms i and j, qi and qj are the atomic charges, and Ri and Rj
are the intrinsic radii. Here, ∂Bi/∂rij is the derivative of the
effective Born radii (eq 10). For distant components, component intrinsic radii and component effective Born radii are
used in the above equations instead of the atomic intrinsic radii
and atomic effective Born radii. Using the HCP approach
described in section 2.2.1 above, solvation forces can then be
approximated in ∼n log n computations.
2.3. Test Structures and Protocols. To assess performance
of the HCP-GB method in the context of molecular dynamics, we
implemented the method in NAB, the open source molecular
dynamics (MD) software in AmberTools v1.3.63 The HCP
implementation in NAB is scheduled to be released with AmberTools v1.5, for general use. In some sense, NAB is a minimal
version of the production Amber MD software62 and is particularly well suited for experimentation unlike the highly optimized
but also more complex production version. NAB however does
use the same force fields and implements the same GB implicit
solvent methods and options as the production Amber code. For
the purpose of this study, we used the commonly used OBC GB
model (IGB = 5 in Amber65).
Performance in both accuracy and speed was evaluated relative
to the reference GB computation without any additional approximations (reference GB). We also compared the HCP-GB
method to the same GB implicit solvent model with a spherical
cutoﬀ (cutoﬀ-GB). The cutoﬀ-GB method ignores all interactions beyond a cutoﬀ distance for the computation of electrostatic energy and eﬀective Born radii in eqs 1-3 and 10. Our
previous study58 had compared the electrostatic vacuum energy
and forces computed by the HCP method to the particle mesh
Ewald (PME) explicit solvent method. However, to the best of
our knowledge, the GB implicit solvent model has not been
implemented for the PME method in readily available molecular dynamics software. Therefore, a similar comparison for the
HCP-GB method was not performed here.
The HCP-GB method was tested on a set of eight representative
biomolecular structures ranging in size from 632 atoms to 3 016 000
atoms with absolute total charge ranging from 1 to 21 424e
(Table 1). The Hþþ server (https://biophysics.cs.vt.edu/Hþþ)
was used to add missing hydrogens to these structures.64

ð12Þ

ð13Þ
ð14Þ

where C is a constant. Interestingly, Rc is the radius of a sphere
with the same volume as the sum of volumes of its constituent
atoms, which is what one may intuitively expect. On the basis of
the simple and intuitive nature of the expression for Rc, we
conjecture that the form of eq 14 is independent of the speciﬁcs
of eq 10. For a distant component c, the component radius Rc is
used in eq 10 in place of Rj and ric in place of rij for atoms j ∈ c.
Higher level components are used in the computation of eﬀective
Born radii Bi for more distant components such that computational cost scales as ∼n log n, as described in section 2.2.1 above.
2.2.4. n log n Approximation for Solvation Forces. The
solvation force on an atom i, Fsolv
i , is computed as the derivative
using the chain rule, as follows:
of the solvation potential φsolv
i
X
solv
φsolv
ð15Þ
φi ¼
ij
j 6¼ i
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εw ½rij þ Bi Bj e - rij2 =4Bi Bj Þ 1=2
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3
X
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þ
r
R
∂Bi
1
j ij
j
ij
j
4
5
¼ B2i
þ 2 log
þ
2 - r2 Þ
2 - R 2 Þ2
4r
∂rij
R
r
2r
ðR
ðr
j
ij
ij
ij
j
ij
ij
j
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j 6¼ i

Fijsolv

Fijsolv ¼ - qi ∂φsolv
ij =∂rij

The computation of effective Born radii using the above approximation scales as ∼n2. The HCP approximation can be used to
reduce the computational cost of the above equation to ∼n log n,
as follows. We define a component radius Rc for a component c
which can be used to approximate the contribution of distant
components to the effective Born radius of an atom, replacing the
computations involving the individual atoms within the component. Then, using the HCP approach described in section 2.2.1
above, the effective Born radius Bi for atom i can be approximated
in ∼n log n computations.
To derive a simple expression for component radius Rc, we
consider the limit of rij f ric, where rij is the distance from atom i
to atom j ∈ c, and ric is the distance from atom i to component rij.
For distant components c, let Bic be the contribution of the atoms
j ∈ c, to the eﬀective Born radius of i. Bic can be approximated by a
truncated Taylor series expansion of eq 10 as
X Rj3
1
¼ C
þ higher order terms
ð11Þ
Bic
r4
j ∈ c ij
C

X

ð16Þ
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Table 1. List of Representative Structures Used for Testinga
threshold dist (Å)
structure

PDB ID

size (atoms)

|charge| (e)

cutoﬀ dist (Å)

h1

h2

h3

10 bp B-DNA fragment

2BNA

632

18

21

21

n/a

n/a

immunoglobulin binding domain

1BDD

726

2

15

15

n/a

n/a

ubiquitin

1UBQ

1231

1

15

15

n/a

n/a

thioredoxin

2TRX

1654

5

15

15

n/a

n/a

nucleosome core particle

1KX5

25101

133

21

21

90

n/a

microtubule sheet

b

158016

360

15

15

48

n/a

virus capsid

1A6C

475500

120

15

15

66

n/a

chromatin ﬁber

c

3016000

21424

21

21

90

169

a
Unless stated otherwise, the cutoﬀ and threshold distances listed here were used for all testing. b The microtubule sheet was constructed as described in
Wang and Nogales.66 c The chromatin ﬁber was constructed as described in Wong et al.59

The HCP threshold distances were chosen such that, for a
given atom within a given test structure, the exact atomic
computation (level 0) is used for interactions with other atoms
within its own and nearest neighboring groups (level 1), as
illustrated in Figure 2. To satisfy this condition, threshold
þ 2  Rmax
where l is
distances hl are calculated as hl = Rmax
l
1
max
the HCP level, Rl is the maximum component radius at level l,
is the maximum group (level 1) radius, for a given
and Rmax
1
structure. The HCP threshold distances thus calculated for each
of the test structures are shown in Table 1. These are the
suggested conservative defaults for these and other similar
structures. The HCP-GB level 1 threshold distance for a given
structure is also used as the cutoﬀ distance for the cutoﬀ-GB
computations. Unless stated otherwise, these threshold and
cutoﬀ distances were used for all of the testing described in the
Results section.
Four metrics were used to measure the accuracy of the
approximate methods: relative error in electrostatic energy
(relative energy error) ErrE, for vacuum, solvation, and net
electrostatic energy, and relative RMS error in electrostatic force
(relative force error) ErrF, calculated as
ErrE ¼ jEapprox - Eref j=Eref

ð22Þ

ErrF ¼ Errrms =F avg

ð23Þ

Errrms ¼ ½

n
X
i¼1

approx

jFi

F avg ¼

n
X
i¼1

- Firef j2 =n1=2

jFiref j=n

GB of RAM, running the Apple Mac OS X 10.3.9, and connected
by 10 Gbps InﬁniBand switches. Where possible, testing was
performed using a single CPU (a single core of the dual core
processor) to reduce the potential variability due to interprocessor communication. However, due to the large memory
requirements for the neighbor list used by the cutoﬀ-GB method,
it was not possible to run the cutoﬀ-GB computation for
structures larger than 200 000 atoms using a single CPU in
the test environment described above. Therefore, 16 CPUs were
used for the 475 500 atom virus capsid and 128 CPUs for the
3 016 000 atom chromatin ﬁber. For comparison on an equal
footing, the reference GB computations and the HCP-GB
computations were also performed with the same number of
CPUs. When multiple CPUs were used, the CPU time for the
longest running CPU was used to calculate speedup. To limit the
run time for the reference GB computation to a few days,
speedup was calculated for 1000 iterations of MD for structures
with <10 000 atoms, 100 iterations for structures with
10 000-1 000 000 atoms, and 10 iterations for the structure
with >1 000 000 atoms. To make the results representative of
typical simulations involving much larger numbers of iterations,
the CPU time excludes the time for loading the data and initialization prior to starting the simulation. Note that the speedup
may vary with the computing system characteristics, such as
interprocessor communication network, number of processors
used, processor architecture, memory conﬁguration, etc. A
detailed analysis of the eﬀect of these characteristics on speedup
is beyond the scope of this study, which focuses on the algorithm.
The following parameters and protocol were used for the
simulations, unless otherwise stated. The threshold distances
used are listed in Table 1. 6-12 van der Waals interactions for
the HCP-GB were computed using only the atoms that are
within the level 1 threshold distance, i.e., atoms that are treated
exactly. The simulations used the Amber ﬀ99SB force ﬁeld.67
Langevin dynamics with a collision frequency of 50 ps-1
(appropriate for water) was used for temperature control, a
surface-area dependent energy of 0.005 kcal/mol/Å2 was added,
and an inverse Debye-Huckel length of 0.125 Å-1 was used to
represent a 0.145 M salt concentration. A 1 fs time step was used
for the simulation with the nonbonded neighbor list being
updated after every step. Note that updating the nonbonded
neighbor list less frequently will improve the speedup of the
cutoﬀ-GB method; however, the speedup of the HCP-GB
method can also be improved similarly by updating component radii and charges less frequently. For simplicity and for

ð24Þ

ð25Þ

where Eapprox is the energy calculated using an approximation,
Eref is the energy calculated using the reference GB computation
without cutoﬀs or the use of HCP, Errrms is the root-mean-square
(RMS) error in force for the atoms in a given structure, Favg is the
and Fref
are the force on atom i
average force, and Fapprox
i
i
calculated using the approximate and reference GB computations, respectively.
Speedup was measured as CPU time for the reference (no cutoﬀ) GB computation divided by the CPU time for the approximation tested.a All testing was conducted on Virginia Tech’s
System X computer cluster (http://www.arc.vt.edu) consisting
of 1100 dual core 2.5 GHz PowerPC 970FX processors with 4
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Figure 5. Speedup for the HCP-GB and cutoﬀ-GB methods relative to
the reference GB computation without cutoﬀs. Threshold and cutoﬀ
distances used for the diﬀerent structures are listed in Table 1. Connecting lines are shown to guide the eye.

computation, even though the individual vacuum and solvation
components may be large. Small errors in the estimation of these
individual components can result in a large relative error in net
electrostatic energy. Thus, ignoring the contribution of these
distant components, as the cutoff-GB method does, may actually
decrease the error in total energy as defined by the above metrics.
However, as our examination of key characteristics of dynamics
in section 3.6 below shows, the single point net force and net
energy error metrics presented above are too crude to unambiguously differentiate between the expected performance of the
cutoff-GB and HCP-GB methods in the context of molecular
dynamics. For example, one can expect the cutoff scheme to
neglect a roughly equal number of pairwise interactions of
roughly equal magnitude but of opposite sign. The resulting
cancellation of error in total electrostatic energy can be deceptive.
As we shall see later in section 3.6, neglect of charge-charge
interactions clearly manifests itself by producing artifacts in
dynamics.
3.2. Speedup. Figure 5 shows that the speedup for the onecharge HCP-GB and cutoff-GB methods are comparable,b while
the two-charge HCP-GB is slower. Surprisingly, the cutoff-GB
method is slower than the one-charge HCP-GB method for the
three million atom chromatin fiber. We speculate that this is
because the NAB implementation of the cutoff method does not
scale well with system size due to the additional memory access
required for the large neighbor list used by the method.
As noted earlier, unlike the production pmemd module of
Amber 8, NAB is not highly optimized. However, on the basis of
the run times for a 0.1 ns simulation of the nucleosome core
particle (1KX5), compared to an equivalent simulation by Ruscio
and Onufriev,68 we estimate that NAB v1.3 is only about 1.5
times slower than the production pmemd module of Amber 8 on
Virginia Tech’s System X computer cluster described above.
3.3. Tradeoff between Speed and Accuracy. For a given
structure, the speed and accuracy of the HCP-GB method
depends primarily on two parameters: the number of charges
used to approximate the components and the threshold distances. As seen in Figures 4 and 5, on the basis of net energy and
force metrics, the two-charge approximation is more accurate but
slower than the one-charge approximation. Figure 6 shows that
increasing the threshold distance improves accuracy but reduces
speed. However, as our analysis of key characteristics of dynamics
(section 3.6) shows, the single-point error metrics, based on net
energy or force, used above may not provide a complete measure

Figure 4. Accuracy of the HCP-GB and cutoﬀ-GB methods relative to
the reference GB computation without cutoﬀs. Accuracy is computed as
the relative error in (a) vacuum, (b) solvation, and (c) net electrostatic
energy, and (d) relative RMS error in electrostatic force, for the onecharge and two-charge HCP-GB and the cutoﬀ-GB method. Connecting
lines are shown to guide the eye.

comparison on an equal footing, the nonbonded neighbor list
and component radii and charges are updated after every step.
Default values were used for all other parameters. The simulation
protocol consisted of ﬁve stages. First, the starting structure was
minimized using the conjugate gradient method with a restraint
weight of 5.0 kcal/mol/Å2. Next, the system was heated to 300 K
over 10 ps with a restraint weight of 1.0 kcal/mol/Å2. The system
was then equilibrated for 10 ps at 300 K with a restraint weight of
0.1 kcal/mol/Å2, and then for another 10 ps with a restraint
weight of 0.01 kcal/mol/Å2. Finally, all restraints were removed
for the production stage.

3. RESULTS AND DISCUSSION
We examined a number of characteristics of the HCP-GB
method that are important for molecular dynamics;accuracy,
speed, dynamics, and conservation of energy and momentum,
which are discussed below.
3.1. Accuracy. Figure 4 shows the accuracy for the one- and
two-charge HCP-GB methods compared to the cutoff-GB
method. For the test structures considered here, the values of
the two components of electrostatic interactions;vacuum and
solvation energies;as calculated by the HCP-GB method are
significantly more accurate than that of the cutoff-GB method
(Figure 4a and b). For the net electrostatic energy and force, the
relative improvement provided by the HCP-GB is significant for
the smaller structures and decreases with structure size
(Figure 4c and d). For the largest structure considered here;
the 3 million atom chromatin fiber;the relative energy error for
the HCP-GB method is slightly higher than that of the cutoff-GB
method. Preliminary analysis suggests that the larger HCP-GB
error for the chromatin fiber may be due to the negligible
contribution of very distant components to the net energy
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Table 2. Relative RMS Error in Total Electrostatic Energy for
Thioredoxin (2TRX) Due to Diﬀerent Approximations of
Eﬀective Born Radiia
relative RMS error in total electrostatic energy
energy calculated with
eﬀective Born radii
approximated using

cutoﬀ

no cutoﬀ

cutoﬀ

0.50%

0.49%

1-q HCP

0.05%

<0.01%

a

Figure 6. Tradeoﬀ between (a) accuracy and (b) speed for the 158 016
atom microtubule structure. Cutoﬀ and level 1 threshold distances are
varied from 10 Å to 20 Å. Level 2 threshold distance is 48 Å. Connecting
lines are shown to guide the eye.

RMS error is calculated relative to the reference GB computation.
Cutoﬀ and level 1 threshold distances of 15 Å were used for these
computations.

The relative impact of these two sources is shown in Table 2.
Clearly, for the spherical cutoﬀ, the error in eﬀective Born radii is
the dominant source of error in the total electrostatic energy. The
use of the HCP-GB approximation for eﬀective Born radii can
reduce this error by an order of magnitude. Whether these errors
in eﬀective Born radii will have a material impact on dynamics
depends on, among other factors, the relative magnitude of the
errors inherent in the approximation used to compute eﬀective
Born radii in the reference model. Nevertheless, the improvement in the accuracy of eﬀective Born radii using the HCP
approximation, compared to the cutoﬀ approximation, comes at
little or no additional cost and should therefore be used instead of
the cutoﬀ approximation.
3.5. Stability in MD Simulations. To test the stability of the
HCP-GB algorithm, we ran 50 ns MD simulations of the immunoglobulin binding domain (1BDD), ubiquitin (1UBQ), a 10 basepair fragment of B-DNA (2BNA), and thioredoxin (2TRX). Figure 8
shows the backbone RMS deviation from the crystal structure for the
simulations, which are summarized in Table 3. These results suggest
that the trajectory for the cutoff-GB and HCP-GB methods are
generally in reasonable agreement with the reference GB simulation.
For 1BDD, the one-charge HCP-GB trajectory shows RMS deviations similar to the cutoff-GB trajectory but substantially larger than
the two-charge HCP-GB or the reference GB trajectories. This
example emphasizes how subtle errors in charge-charge interactions
can result in qualitatively different conformational dynamics. On a
practical level, it suggests that the one-charge HCP-GB may not be
appropriate for the simulation of small flexible structures, such as
1BDD, where small inaccuracies in the potential can lead to large
structural deviations over the course of the trajectory. For such
structures, we recommend the two-charge HCP-GB.
The above simulations were run with a Langevin collision
frequency of 50 ps-1 for thermal coupling. We also performed,
for the same set of structures, 10 ns simulations with the thermal
coupling reduced to 0.01 ps-1 (results not shown). As expected,
these simulations resulted in an enhanced sampling of conformational space, as was seen by more frequent excursions in RMS
space. The weak Langevin coupling simulations were in general
agreement with the simulations that used strong Langevin
coupling. For example, for 1BDD, the two-charge HCP-GB
and the reference GB simulations exhibited similar RMS deviations from the starting structure, while the one-charge HCP-GB
and cutoﬀ-GB resulted in much higher RMS deviations toward
the end of the respective trajectories.
3.6. Detailed Characteristics of the Simulation Dynamics.
An important qualitative difference between the HCP-GB

Figure 7. Accuracy of eﬀective Born radii approximations. Eﬀective
Born radii for the 1653 atoms of thioredoxin (2TRX) are calculated
using the one-charge HCP-GB, the two-charge HCP-GB, and the cutoﬀ
based (cutoﬀ-GB) approximations and plotted against the reference GB
computation without cutoﬀs.

of correctness in the context of molecular dynamics. The optimal
choice of parameters depends on the structure and problem
under consideration. For the purpose of this study, we have
chosen conservative threshold distances (Table 1) such that for
any given atom, atoms within its own group and immediately
neighboring groups (level 1) are treated exactly, as described in
section 2.3. It is possible that shorter than default threshold
distances may be acceptable for specific applications, but we
suggest that the decision to use shorter threshold distances be
made on a case-by-case basis. For example, the two-charge HCPGB simulation of immunoglobulin binding domain (1BDD)
remains stable when the level 1 threshold distance is reduced
from the recommended 15 Å to 10 Å, but the protein quickly
unfolds when the threshold distance is further reduced to 5 Å.
3.4. Accuracy of the HCP Approximation for Effective Born
Radii. We tested the HCP based approximation for effective
Born radii on a typical structure used in this context, thioredoxin
(2TRX). Figure 7 shows that for this structure, the HCP-GB
approximation with a threshold distance of 15 Å is slightly more
accurate than a cutoff based approximation with a 15 Å cutoff
distance. The overall RMS error in effective Born radii relative to
the reference GB computation without cutoffs is 0.0058 Å for the
one-charge HCP-GB, 0.0017 Å for the two-charge HCP-GB, and
0.0557 Å for the cutoff-GB method.
Both the HCP-GB and the cutoﬀ-GB introduce two sources of
error into the total electrostatic energy, relative to the no-cutoﬀ
reference. One is the approximations to eﬀective Born radii, and
the other is the approximations to the electrostatic interactions.
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Table 4. Detailed Characteristics of Simulation Dynamics
from 50 ns Simulations of Immunoglobulin Binding Domain
(1BDD), Ubiquitin (1UBQ), B-DNA (2BNA), and Thioredoxin (2TRX)a
PDB ID

cutoﬀ-GB

one-charge
HCP-GB

two-charge
HCP-GB

RMS diﬀerence in RMS residue ﬂuctuations (Å)
1BDD

0.51

0.54

0.37

1UBQ

0.24

0.20

0.15

2BNA

0.003

0.01

0.03

2TRX

0.37

0.32

0.22

average

0.28

0.26

0.19

RMS diﬀerence in distribution of χ1 angles (% occurrence)
1BDD

3.26

2.19

2.49

1UBQ

3.15

3.26

2.81

2TRX

3.17

3.48

3.16

average

3.19

2.98

2.82

RMS diﬀerence in distribution of χ2 angles (% occurrence)

Figure 8. RMS deviation from the starting structure for 50 ns MD
simulations of immunoglobulin binding domain (1BDD), ubiquitin
(1UBQ), B-DNA (2BNA), and thioredoxin (2TRX) using the reference
GB, cutoﬀ-GB, and HCP-GB methods. RMS deviation is calculated for
backbone heavy atoms. The trajectory is sampled every 1 ns. Connecting
lines are shown to guide the eye.

1BDD

2.79

2.01

2.21

1UBQ

2.66

2.63

2.37

2TRX

2.87

2.91

3.01

average

2.77

2.52

2.53

a

RMS diﬀerence was calculated relative to the reference GB simulation.
The trajectory was sampled every 10 ps. χ angles do not apply to the
DNA strand 2BNA. A bin size of 10 was used for calculating the
distribution of χ angles.

Table 3. RMS Deviation from the Starting Structure for 50 ns
Simulations of Immunoglobulin Binding Domain (1BDD),
Ubiquitin (1UBQ), B-DNA (2BNA), and Thioredoxin
(2TRX)a
average RMS deviation ( standard deviation (A)

PDB ID

a

reference GB

one-charge

two-charge

cutoﬀ-GB

HCP-GB

HCP-GB

1BDD

2.64 ( 0.45

3.69 ( 0.88

3.92 ( 1.66

2.72 ( 0.48

1UBQ

2.29 ( 0.37

2.39 ( 0.29

2.32 ( 0.33

2.22 ( 0.36

2BNA

2.24 ( 0.30

2.24 ( 0.30

2.23 ( 0.31

2.25 ( 0.31

2TRX

1.60 ( 0.33

1.41 ( 0.23

1.50 ( 0.23

1.67 ( 0.19

Figure 9. RMS ﬂuctuation in residue positions for a 50 ns simulation of
thioredoxin. The trajectory was sampled every 10 ps. Connecting lines
are shown to guide the eye.

RMS deviation is calculated for backbone heavy atoms. The trajectory
is sampled every 10 ps. Averages are for the last
40 ns of the 50 ns
√P
simulations. Standard deviation is computed as [ i(RMSi - μ)2/s],
where RMSi is the RMS deviation for the ith sample, μ is the average
RMS deviation, and s is the number of samples.

and two-charge HCP-GB simulations are in better agreement
with the reference GB simulation than the cutoff-GB method.
The differences in RMS fluctuation from the 50 ns simulation of
thioredoxin are highlighted in Figure 9.
Similarly, consider the χ1 angles for the functionally important
CYS-32 of thioredoxin and THR-7 of ubiquitin (Figure 10). The
χ1 angle for CYS-32 ﬂips between approximately -180 and
þ60 during the two-charge HCP-GB simulations as does the
“correct” reference GB simulation. Whereas, for the one-charge
HCP-GB and cutoﬀ-GB methods, the angle stays at approximately -180. And the χ1 angle for THR-7 stays around
approximately 60 during the reference GB and the HCP-GB
simulations, whereas for the cutoﬀ-GB simulation, the angle ﬂips
brieﬂy between approximately -60 and þ60. To quantify the
overall diﬀerence in the distribution of χ1 and χ2 angles, we

method and the cutoff-GB method is that the cutoff-GB method
completely ignores the effect of all charges beyond the cutoff
distance, while the HCP-GB method approximates the effect of
distant charges. We believe that ignoring these distant charges
can, under many circumstances, lead to qualitatively different,
and incorrect, results. Consider for example the RMS fluctuation
in the position of residues;a characteristic of internal dynamics
of the structure. To quantify the overall difference in fluctuation
for all residues compared to the reference GB simulation, we
compute the RMS difference in RMS fluctuation for the 50 ns
simulation of the four structures described in the Stability section
above. For the structures tested here, the RMS difference in fluctuation (Table 4) indicates that on average both the one-charge
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Figure 10. Distribution of χ1 angles for the functionally important
CYS-32 of thioredoxin (2TRX) and THR-7 of ubiquitin (1UBQ) from
50 ns simulations. The trajectory was sampled every 10 ps. A bin size of
10 was used for calculating the distribution of χ1 angles. Connecting
lines are shown to guide the eye.

Figure 12. Nucleosome core particle after 0.1 ns simulation using (a)
reference GB, (b) cutoﬀ-GB, (c) one-charge HCP-GB, and (d) twocharge HCP-GB computations. Positively charged histone tails have
collapsed onto the DNA for the reference GB and HCP-GB, whereas for
the cutoﬀ-GB, two of the tails fail to collapse.

negatively charged DNA, Figure 12. Again, this is most likely
because, in the case of the cutoﬀ-GB method, the positive charges
at the ends of the histone tail do not “feel” the attraction from the
highly charged DNA chain.
The above results suggest that in general the HCP-GB
reproduces the dynamics of the reference GB simulation more
accurately than the cutoﬀ-GB method.
3.7. A Practical Application: Chromatin Fiber. We expect
the HCP-GB to be indispensable in the modeling of large
structures where the pairwise GB without further approximation
is impractical. One such example is the chromatin fiber where a
348 000 atom (12 nucleosome) structure is needed at a minimum to study its functional characteristics. Such a structure can
be constructed using the crystal structure for the nucleosome
(1KX5) as a starting point. Multiple copies of the nucleosome
can then be combined to construct the chromatin fiber, using a
set of coordinate transformations described by Wong et al.59 The
coordinate transformations result in a number of severe steric clashes.
A 15 ps simulation of the fiber using the two-charge HCP-GB
significantly reduces the steric clashes, as seen by the large reduction
in the potential energy (Figure 13). To reduce run time for this
simulation, the protocol described in section 2.3 was modified to
reduce the heating and equilibration stages from 10 to 2 ps.
3.8. Mitigating the Effect of Violating Newton’s Third
Law. Although the HCP uses the same all-atom force field as
the reference GB computation, the HCP is a multiscale model in
that different levels of approximations are used for the same set of
atoms depending on their distance from the point of interest.
The asymmetric interactions due to the multiscale approximations can violate Newton’s third law, resulting in a residual force
on the system.58,70 This residual force can produce an artificial
center of mass motion and an overall rotation of the structure. A
net residual force within a closed system causes the system as a
whole to accelerate, even though there is no external force,
resulting in the nonconservation of energy. Table 5 shows the net

Figure 11. Distribution of distances between terminal base pairs for a
30 bp DNA strand from a 10 ns MD simulation. Trajectories were
sampled every 10 ps, and a bin size of 2 Å is used for calculating the
distribution of distances between terminal base pairs. Connecting lines
are shown to guide the eye.

computed the RMS diﬀerence in the distribution compared to
the reference GB simulation. The RMS diﬀerence in the distribution of χ1 and χ2 angles for 50 ns simulations of the four
structures described in the “Stability” section above indicates that
on average the one- and two-charge HCP-GB simulations are in
better agreement with the reference GB simulation than the
cutoﬀ-GB simulations (Table 4).
To further examine the eﬀect of ignoring distant charges we ran a
10 ns simulation of a 30 base-pair DNA strand with the same setup
as described in section 2.3 above, but without the salt. Figure 11
shows the distribution of distances between terminal base pairs. The
distribution shows that for the cutoﬀ-GB method, with an average
end-to-end distance of 89 Å, the structure is more ﬂexible than for
the reference GB or the one- and two-charge HCP-GB methods,
with average end-to-end distances of 103, 105, and 100 Å, respectively. This diﬀerence in ﬂexibility is most likely due to the fact that
the cutoﬀ-GB method completely ignores distant charges which
contribute to the bending rigidity of the DNA chain.
We also ran a 0.3 ns simulation of the nucleosome core
particle, with the same setup as described in section 2.3 above,
but without the salt. When using the reference GB and the HCPGB methods, all of the histone tails collapse onto the DNA chain
within 0.1 ns, consistent with experimental observations at low
salt concentrations,69 whereas when the cutoﬀ-GB method is
used, two of the positively charged tails fail to collapse onto the
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force and torque due to the violation of Newton’s third law for
the HCP-GB method, on the set of test structures considered
here, along with estimated center of mass displacement, rotation,
and kinetic energy after 10 steps of a typical molecular dynamics
simulation (10 fs). To estimate the kinetic energies, we treat the
structures as rigid bodies and assume that the principal axis of
rotation passes through the center of mass.
For the test structures considered here, the 3 million atom
chromatin ﬁber represents the worst case with a linear displacement
of 1  10-6 Å, rotation of 1  10-8 radians and kinetic energy of
0.09 kT after 10 steps of MD. These spurious motions are small
compared to the stochastic collisions used in constant temperature
simulations, which are on the order of 1 kT, and may not materially
aﬀect the dynamics of the simulation if a strong enough coupling to
a thermal bath is used. However, implicit solvent MD simulations
often use minimal or no viscosity to increase the sampling of
conformation space. These regimes can result in a large center of
mass drift, which can be inconvenient when visualizing or analyzing
the trajectory. For example, for a 1 ns simulation of thioredoxin

using the two-charge HCP-GB method and Langevin dynamics
with a collision frequency of 50 ps-1, the center of mass drift is
2.24 Å, similar to the 1.81 Å drift for the reference GB simulation.
Whereas with a collision frequency of 1 ps-1, the center of mass
drift in the HCP-GB simulation is 30.96 Å, and as much as 183.54 Å
with a collision frequency of 0.1 ps-1. A commonly used approach
for removing center of mass drift and rotation during the course of
molecular dynamics is to employ a velocity correction algorithm, e.
g., the NSCM option in Amber62 which speciﬁes the frequency at
which center-of-mass motion is removed. We have implemented
the same option in NAB. The velocity correction approach does
not however correct the source of the problem;the net residual
force. Moreover, a velocity correction not only eliminates the
artiﬁcial motion caused by the violation of Newton’s third law
but also aﬀects the random motion due to Langevin dynamics
which may not be desirable in some situations. Therefore, we
considered applying a force correction aimed at mitigating the
eﬀects of the third law violation. Appendix A.2 describes the two
force correction approaches we considered;a molecular level and
a component level force correction. By neutralizing the net residual
forces, the force correction eliminates the systematic drift in the
center of mass position caused by the violation of Newton’s third
law. For example, for the 1 ns simulation of thioredoxin using the
two-charge HCP-GB method with a Langevin dynamics collision
frequency of 0.1 ps-1, the molecular level force correction reduces
the drift from 183.54 Å to 29.49 Å, which is similar to the 29.47 Å
drift for the reference GB simulation, which, of course, does not
violate the third law within numerical precision of the integrator.
The force correction however has several shortcomings compared
to the velocity correction often used by existing MD algorithms. It
causes an increase in the force error as described in Appendix A.2,
while velocity correction does not aﬀect the forces. Unlike
velocity correction, the force correction only eliminates drift,
not rotation. And, the force correction must be applied at
every step of the simulation since it eliminates the center of

Figure 13. HCP-GB simulation of a 348 000 atom chromatin ﬁber.
Potential energy drops rapidly as steric clashes are resolved. Connecting
lines are shown to guide the eye.

Table 5. Center-of-Mass Motion Due to Violation of Newton’s Third Law for HCP-GB
residual
structure PDB ID

force (kcal/mol/Å)

after 10 iterations of dynamics
torque (kcal/mol)

displacement (Å)

rotation (radians)

kinetic energy (kT)

1  10-8

1  10-8

6  10-9

9  10

-7

3  10

-8

4  10-7

6  10

-7

1  10

-8

2  10-7

2  10

-6

4  10

-8

3  10-6

-9

1-q HCP-GB
2BNA
1BDD
1UBQ
2TRX

0.003
0.22
0.24
0.97

0.38
0.73
0.64
3.81

1KX5
microtubule

1.36
179.24

51.40
2603.63

1  10
3  10-6

3  10
5  10-9

6  10-7
0.001

1A6C

2  10-11

6  10-10

1  10-19

2  10-22

4  10-30

chromatin

6804.00

1198829.76

2BNA

0.015

0.07

-7

6  10

-6

1  10

-8

0.09

2-q HCP-GB
1BDD
1UBQ
2TRX

0.18
0.23
0.98

0.44
0.58
4.64

5  10-8

2  10-9

2  10-9

7  10

-7

2  10

-8

2  10-7

6  10

-7

1  10

-8

2  10-7

2  10

-6

5  10

-8

3  10-6

-9

1KX5
microtubule

2.94
59.76

57.98
598.27

3  10
1  10-6

4  10
1  10-9

2  10-6
0.0001

1A6C

2  10-11

4  10-10

1  10-19

1  10-22

3  10-30

chromatin

3483.09

-7

3  10

836570.85
554

-6

7  10

-9

0.03
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mass acceleration (change in velocity), whereas a velocity
correction can be applied less frequently since it eliminates
center of mass velocity itself. For these reasons, a velocity
correction, its drawbacks notwithstanding, may be preferable
to the force correction for eliminating the drift and rotation
caused by the violation of Newton’s third law. Very preliminary testing suggests that the velocity correction may improve
the stability of HCPGB simulations for small structures. For
example, the RMS deviation for the one-charge HCP-GB
simulation of 1BDD (Figure 8a), is in closer agreement with
the reference GB simulation when the velocity correction is
used (results not shown).
3.9. Mitigating the Effect of the Discontinuity at Threshold Boundaries. During the course of molecular dynamics,
atoms may cross threshold boundaries that determine the level
of approximation used in the computation of potentials and
forces. These discontinuous changes in the level of approximation result in changes in potential that are inconsistent with the
forces acting on individual atoms; i.e., the force is not equal to the
derivative of the potential with respect to distance and can result
in the nonconservation of energy and instability in the
simulation.71 For example, 1000 steps of constant energy simulation for thioredoxin, without Langevin dynamics or surface-area
dependent energy (Figure 14), show that energy is not conserved
for the cutoff-GB and HCP-GB methods. However, the nonconservation of energy is much larger in the case of the cutoff-GB
method. For the cutoff-GB method, the energy contribution of
an atom abruptly drops to zero when the atom moves beyond the
cutoff boundary, resulting in a larger change in energy compared

to the HCP-GB method, where the energy contribution of the
atom is replaced by an approximation when the component
containing the atom moves beyond the threshold boundary.
The discontinuity at threshold and cutoﬀ boundaries can be
eliminated by the use of a smoothing function.72,73 The smoothing function eliminates the discontinuity by gradually switching
from one level of approximation to another over a short switching distance. Delle Site70 has however shown that the smoothing
function cannot in general restore the conservation of energy for
multiscale methods. To eliminate the discontinuity at threshold
boundaries, we adapted the smoothing function described by
Loncharich and Brooks.15 The smoothing function is used to
calculate the force f(r) at a distance r from the point of interest
inside the switching region h < r < h þ s, where h is the threshold
distance and s is the switching distance, as follows:
f ðrÞ ¼ SðrÞfh þ s þ ð1 - SðrÞÞfh
SðrÞ ¼

ðh e r e h þ sÞ

ðh2 - r 2 Þ2 ðh2 þ 2r 2 - 3ðhþsÞ2 Þ
ðh2 - ðhþsÞ2 Þ3

ð26Þ
ð27Þ

where fh and fhþs are the forces due to a component computed by
the HCP-GB at h and h þ s, respectively.
The nonconservation of energy can be measured as the
standard deviation in total energy, and the discontinuity in
computed energy as the standard deviation in the change in total
energy between consecutive steps in the MD simulation. Table 6
summarizes these metrics for the HCP-GB method with and
without smoothing, the cutoﬀ-GB method, and the reference GB
computation. The table shows that, although the HCP-GB
method does not conserve energy, it represents a signiﬁcant
improvement over the cutoﬀ-GB method in that respect. On the
other hand, although smoothing does improve energy conservation, it is comparable to extending the level 1 threshold distance
to the end of the smoothing region, 18 Å in this case, as measured by
the standard deviation in total energy (Table 6). The HCP-GB with
smoothing does show less discontinuity than the HCP-GB with the
extended threshold distance; however, the diﬀerence may not be
suﬃcient to justify the higher computational cost of smoothing
compared to simply extending the threshold distance. Note that the
smoothing function can also improve the accuracy of the spherical
cutoﬀ method and has been studied previously.15,72,73 The results
shown in the preceding subsections do not include the smoothing
function for either the cutoﬀ-GB or the HCP-GB methods.
We stress that in the case of multiscale approximations
based on pairwise potentials, such as the HCP, exact energy

Figure 14. Total energy for 1000 steps of constant energy MD
simulation for thioredoxin. The ﬁgure shows that energy is not
conserved for the cutoﬀ-GB and to a lesser extent the HCP-GB methods.
Connecting lines are shown to guide the eye.

Table 6. Eﬀect of the Use of the Smoothing Function on Energy Conservation and Discontinuity for 1000 steps of MD for
Thioredoxina
standard deviation (kcal/mol)
total energy (no smoothing)

reference GB

cutoﬀ GB

0.0012

2.8213

(HCP-GB with smoothing)
(HCP-GB with h1 = 18 Å)
Δ total energy (no smoothing)
(HCP-GB with smoothing)
a

0.0007

0.3316

(HCP-GB with h1 = 18 Å)

1-q HCP-GB

2-q HCP-GB

0.2483

0.2476

0.0803

0.0992

0.0942

0.1013

0.0228
0.0033

0.0203
0.0025

0.0062

0.0051

Degree of energy conservation is measured as the standard deviation in total energy and degree of discontinuity as the standard deviation in change in
total energy between consecutive steps of MD simulation. The default level 1 threshold distance, h1, for the HCP-GB method is 15 Å. For comparison,
we include the reference GB computation, the cutoﬀ-GB method with a 15 Å cutoﬀ distance, and the HCP-GB method with a 18 Å level 1 threshold
distance. The small ﬂuctuation in total energy for the reference GB computation is due to the ﬁnite integrator time step.
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conservation cannot be achieved due to the violation of
Newton’s third law.

method approximates the inﬂuence of distance charges. Our
testing suggests that this diﬀerence can have a signiﬁcant impact
on details of the dynamics. For example, for the 50 ns simulations
of four structures, the residue ﬂexibility and χ1 and χ2 angles for
the cutoﬀ-GB simulations show larger deviations from the
reference GB simulation than the HCP-GB simulations. Similarly, a 10 ns simulation of a 30 base-pair DNA strand showed
that the ﬂexibility of the molecule, as measured by end-to-end
distance, using the HCP-GB method was similar to that of the
reference GB simulation, whereas the cutoﬀ-GB method results
showed a more ﬂexible molecule. And a series of simulations of the
nucleosome core particle showed that with the reference GB and
HCP-GB methods all of the positively charged tails of the histone
chains collapsed onto the negatively charged DNA, whereas two of
the histone tails failed to do so with the cutoﬀ-GB method.
Due to its multiscale nature, the HCP-GB method can violate
Newton’s third law, resulting in a residual center of mass force and
torque. For the structures tested here, the eﬀect of the residual
force and torque is much smaller than the “noise” due to stochastic
collisions used in constant temperature simulations with strong
coupling to a thermal bath. However, when a weak coupling is used
to increase the sampling of conformational space, the residual force
and torque may cause the structure to drift and rotate, making it
inconvenient for visualization and analysis. For simulations with
weak coupling to a thermal bath, the center of mass motion and
rotation can be eliminated by using a velocity correction. The
multiscale nature of HCP-GB can also result in discontinuities at
threshold boundaries, which can cause energy not to be conserved.
The discontinuity and the resultant nonconservation of energy for
the HCP-GB method is however much smaller than that of the
cutoﬀ-GB method. Smoothing functions can be used to reduce the
discontinuities and the nonconservation of energy. However, we
found that increasing the threshold distance may be a more
eﬀective way of achieving the same result.
To demonstrate a practical application of the HCP-GB method,
we used it to reﬁne a 348 000 atom chromatin ﬁber. The 15 ns allatom simulation successfully resolved numerous severe steric
clashes, signiﬁcantly improving the quality of the starting structure.
In conclusion, the ∼n log n HCP-GB method is always faster
than the ∼n2 reference GB computation without additional
approximations. Although the speed of the HCP-GB method is
comparable to using a spherical cutoﬀ for GB computations, which
also scales as ∼n log n, the HCP-GB method on average more
closely reproduces key characteristics of the dynamics of the
reference GB simulations. Our testing suggests that this may be
because the HCP-GB method approximates the inﬂuence of distant
charges, unlike the cutoﬀ-GB method, which completely ignores
them. In general, our ﬁndings suggest that compared to the cutoﬀGB, the HCP-GB method may always be the preferable approach
for speeding up pairwise GB computations for molecular dynamics.
Where speed is critical, one can consider using the one-charge
HCP-GB instead of the two-charge HCP-GB or reducing threshold
distances from the recommended conservative threshold distances.
This study was intended to be a proof-of-concept of a novel
method, and a number of potential improvements and optimizations remain to be studied, in particular, further optimization of
the placement of approximate charges, comparison of alternate
approximations for component eﬀective Born radii, choice of
parameters, comparison of velocity vs force correction, and the
treatment of very distant components. Most importantly, more
extensive testing is required to further deﬁne the applicability and
limitations of the proposed ∼n log n GB method.

4. CONCLUSION
Implicit solvent models are routinely used where it is important to sample a large conformation space, such as for protein
folding, replica exchange, and docking simulations. However, the
implicit solvent model employed most extensively in molecular
dynamics;the generalized Born (GB) model;scales poorly as
∼n2, where n is the number of solute atoms, limiting their
usefulness for long time-scale simulations or the simulation of
large structures. We have presented here an ∼n log n implementation of the implicit solvent GB model based on the
hierarchical charge partitioning (HCP) approximation previously developed by us. The HCP method uses the natural
organization of biomolecular structures to partition the structures into multiple hierarchical levels of components such as
atoms, groups (residues), subunits (chains), and complexes. The
charge distribution for each of these components other than the
atoms are approximated by a small (one or two) number of
charges. For the computation of electrostatic interactions with
distant components, the HCP uses the approximate charges
while using the atomic charges for nearby components. The
greater the distance from the point of interest, the larger (higher
level) is the component used in the approximation. We have
previously described a top-down algorithm for HCP that scales
as ∼n log n for biomolecular structures.
This study extends the HCP approximation to the GB model
(HCP-GB) such that both the computation of pairwise interactions and the eﬀective Born radii scale as ∼n log n.
The HCP-GB method is implemented in the open source
molecular dynamics software, NAB, in AmberTools v1.3. The
HCP implementation in NAB is scheduled to be released with
AmberTools v1.5, for general use. The accuracy, speed, and
stability of the method were then evaluated on a set of representative biomolecular structures ranging in size from 632 to ∼3
million atoms. The performance of the HCP-GB method was
compared to the spherical cutoﬀ method with GB (cutoﬀ-GB)
where all computations, including the computation of the
eﬀective Born radii, ignore all atoms beyond a speciﬁed cutoﬀ
distance. Our results show that the HCP-GB method is more
accurate, as measured by the relative RMS error in electrostatic
force, than the cutoﬀ-GB method for the structures tested.
Depending on the size of the structure, the HCP-GB method
was also 1.1 to 390 times faster than the reference GB computation. An analysis of 50 ns simulations of four structures;
B-DNA, immunoglobulin binding domain, ubiquitin, and thioredoxin;shows that the results for the HCP-GB simulation are in
reasonable agreement with the reference GB simulation without
cutoﬀs. For the very small (726 atom) immunoglobulin binding
domain protein (1BDD), the one-charge HCP-GB method
exhibited RMS deviations from the crystal structure similar to
the cutoﬀ-GB and larger than the reference-GB and two-charge
HCP-GB simulations. Therefore, we do not recommend the use
of one-charge HCP-GB for the simulation of such small structures. However, very preliminary testing suggests that the
velocity correction, described below, may improve the stability
of HCPGB simulations for small structures.
There is also an important qualitative diﬀerence between the
HCP-GB method and the cutoﬀ-GB method. The cutoﬀ-GB
ignores charges beyond the cutoﬀ distance while the HCP-GB
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is the force correction subtracted from the force on
where fcorr
i
atom i, fres is the total residual force, mi is the mass of atom i, and
M is the total mass of the structure.
The component level approach is more complex. It aims to
eliminate not only the net residual force but also the net residual
force for each component, where the residual force for a
components is the diﬀerence between the total force on a
component due to all other atoms and the total force on all
other atoms due to the component. In other words, it aims to
restore Newton’s third law at the component level. For the ﬁrst
for an atom
level of HCP approximation, the force correction fcorr
i
i belonging to component c is calculated as

f
f dif
c

f
¼ f dif
ði ∈ cÞ
ð30Þ
f corr
i
c =nc
XX
XX
XX
X
¼ ½
f ji þ
f ki  þ ½
f ij þ
f cj 
jˇc i ∈ c

k 6¼ c i ∈ c

i ∈ c jˇc

jˇc

ð31Þ
is the diﬀerence between the total force on a
where fdiﬀ
c
component due to all other atoms and the total force on all
other atoms due to the component. The ﬁrst term on the right
hand side of eq 31 is the force fji on the atoms i belonging to
component c due to other atoms j not belonging to c, computed
at the atomic level (level 0). The second term is the force fki on
atoms i belonging to c due to other components k treated at the
component level (level 1). The third term is the force fij due to c
on atoms j not belonging to c where the atoms i within c are
treated at the atomic level (level 0). And the last term is the force
fcj due to c on atoms j not belonging to c where c is treated at the
component level (level 1). This force correction is generalized
for higher levels of HCP by including terms in eq 31 for higher
level HCP components. Since the individual terms on the right
hand side of eq 31 are already being computed, the incremental
cost of both force correction approaches scales as ∼n, which is
<n log n.
Although the above force corrections neutralize the net force
due to the violation of Newton’s third law, they also cause an
increase in the force error. To see why, consider the case where
the force error compared to the reference GB computation is
approximately zero. In this case, any net force correction will
result in an increase in the force error. In general, when the force
error is less than half the net force correction, the net force
correction will cause an increase in force error. Thus, on average,
where the force error is randomly distributed, the net force
correction will result in an increase in force error.

Figure 15. Comparison of four alternative methods for computing
component eﬀective Born radii showing relative error in electrostatic
energy for (a) one-charge HCP-GB, (b) two-charge HCP-GB, and
relative RMS error in electrostatic force for (c) one-charge HCP-GB and
(d) two-charge HCP-GB. The four alternative methods are the spherical
cutoﬀ method, the volume integral (vol int) based on eq 10, Anandakrishnan-Onufriev (ao) deﬁned by eq 9, and Archontis-Simonson (as)
deﬁned by eq 28. Cutoﬀ distance = 15 Å. HCP threshold distance h1 =
15 Å, h2 = 80 Å, and h3 = 175 Å. Connecting lines are shown to guide the
eye.

A. APPENDIX
A.1. Component Effective Born Radii. The component
effective Born radii are used to approximate the contribution of
distant components to the solvation energy, as described in the
Methods section. We examined three different alternatives for
this approximation: the approximation defined by eq 9, the
approximation defined by Archontis and Simonson,39 and the
volume integral approximation based on eq 10. Archontis and
Simonson approximate the Born radius Bc for a component c as
1
1 X q2i
P 2
ð28Þ
Bc
qi i ∈ c Bi
i∈c

where qi and Bi are the charges and effective Born radii,
respectively, for the atoms i belonging to component c. On
average, we found that the first alternative (eq 9) was most
accurate, as shown in Figure 15.
A.2. Force Corrections for Neutralizing Net Residual
Force. The violation of Newton’s third law by the HCP-GB
method, as described in section 3.8, results in a net residual force.
We considered two approaches for neutralizing the net residual
force;a molecular level and a component level force correction.
The molecular level approach applies a mass weighted force
correction to each atom to neutralize the total residual force on
the whole structure. This force correction is computed as
¼ f res mi =M
f corr
i

ð29Þ
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’ ADDITIONAL NOTE
a
NAB, and the production Amber software, do not explicitly
include a “no-cutoﬀ” option; instead, the no-cutoﬀ computation
is performed by using the cutoﬀ method with the cutoﬀ distance
set to a value greater than the structure size (large-cutoﬀ), e.g.,
999. This approach requires a large amount of memory for the
neighbor list used by the cutoﬀ method, even though the list is
unnecessary in this case, since it always contains all of the atoms.
Due to the large memory requirement, structures larger than
200 000 atoms require a larger number of processors (>128)
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than was readily available in the system used. Therefore, we
implemented a no-cutoﬀ option in NAB that does not use a
neighbor list. Since a neighbor list does not need to be computed,
the no-cutoﬀ option is faster than the large-cutoﬀ approach, and
the speedup results reported here are somewhat lower than what
would have been obtained using the large-cutoﬀ approach
available in NAB.
b
The average speedup for the seven structures tested here was
82 for the cutoﬀ-GB, 85 for the one-charge HCP-GB, and
36 for the two-charge HCP-GB methods.
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